In this paper, we develop a two-warehouse imperfect production model under two cases: (i) model starts with shortages (ii) model ends with shortages. Most of the researchers proposed the models for perfect items but we develop for imperfect quality items, which is very realistic. Demand is taken as time dependent and dependent on the production. Holding cost in rented warehouse (RW) is greater than own warehouse (OW). Deterioration is taken as Weibull distribution in both OW and RW. Shortages are allowed and partially backlogged. The effect of learning on production cost is also considered. Learning from one cycle to other cycle, improve the efficiency of the organization. A numerical example including the sensitivity analysis is given to validate the results of the production-inventory model.
Introduction
The classical inventory models usually assume the available warehouse has unlimited capacity. In many practical situations, there exist many factors like temporary price discounts making retailers buy a capacity of goods exceeding their own warehouse (OW). In this case, retailers will either rent other warehouses or rebuild a new warehouse. However, from economical point of views, they usually choose to rent other warehouses. Hence, an additional storages space known as rented warehouses (RW) is often required due to limited capacity of showroom facility. In recent years, various researchers have discussed a two-warehouse inventory system. Therefore, due to the limited capacity of the available showroom facility (existing storage, own warehouse (OW)), an additional storage which is assumed to be available with abundant space is required to hold a large stock. This additional storage facility may be a rented warehouse (RW) with better preserving facility. This is first proposed by Hartely (1976) . In this system, it is assumed that the holding cost in RW is greater than that in OW.
There are lots of real life problem where the defective rate, ordering cost are decreases from one cycle to other. Such as automotive manufacturing for shipments of raw material where the percentage of defective items per lot decreases with cumulative number of shipments conforming to a learning curve and the demand of raw material is highly uncertain due to inflation and market complexities. We developed the models where percentage of defective items in each lot, production cost are follows learning effects. Most of the papers are develop for perfect quality items. But In this paper, we developed a two warehouse model with imperfect quality items with learning effect which is more realistic. We consider the two models (i) shortages at the end and, (ii) starts with the shortages. We assume that demand is time-dependent and deterioration is taken as Weibull for both OW and RW. Shortages are also allowed in this model.
Assumptions and Notations

Assumptions
In developing the mathematical models of the inventory system the following assumptions are used: 4. Salvage value is associated to deteriorated units during the cycle time.
5. The time horizon of the inventory system is infinite.
6. Replenishment rate is infinite, and lead-time is zero.
7. The owned warehouse (OW) has a fixed capacity of W units, the rented warehouse (RW) has unlimited capacity.
8. The goods of OW are consumed only after consuming the goods kept in RW.
9. The unit inventory costs (including holding cost and deterioration cost) per unit time in RW are higher than those in OW.
10. The deterioration rate is taken as weibull in both OW and RW.
In addition, the following notations are used throughout this study: [ , ] t t t 
I i4
Inventory level in OW at time t with 1 3
[ , ] t t t 
I i5
Inventory level in OW at time t with 3 4
I i6
Inventory level in OW at time t with 4 5
I i7
Inventory level in OW at time t with [ , ] t t T 
Formulation of the model
In Fig.1 , the inventory level during a production cycle in which both OW and RW are used. Initially, the inventory level is zero. The production starts at time t = 0 and items accumulate from 0 up to W units in OW in t 1 units of time. After time t 1 any production quantity exceeding W will be stored in RW. After this production stopped and the inventory level in RW begins to decrease at t 2 and will reach 0 units at t 3 because of demand and deterioration. The inventory level in OW comes to decrease at t 1 and then falls below W at t 3 due to deterioration. The remaining stocks in OW will be fully exhausted at t 4 owing to demand and deterioration, the inventory becomes zero. At this time shortage starts developing and at time t 5 it reaches to maximum shortage level, at this time fresh production starts to clear the backlog by the time T. 
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Model 2: When model starts with the shortages
In Fig.2 , the inventory level during a production cycle in which both OW and RW are used. Initially, the inventory level is zero. At this time shortages starts developing and at time t 1 it reaches to maximum shortage level, at this time fresh production starts to clear the backlog by the time t 2 .The production starts at time t = t 2 and items accumulate from 0 up to W units in OW in t 3 units of time. After time t 3 any production quantity exceeding W will be stored in RW. After this production stopped and the inventory level in RW begins to decrease at t 4 and will reach 0 units at t 5 because of demand and deterioration. The inventory level in OW comes to decrease at t 3 and then falls below W at t 5 due to deterioration. The remaining stocks in OW will be fully exhausted at T owing to demand and deterioration, the inventory becomes zero. 
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